We exhibit a new concentration phenomenon for the supercritical problem
Introduction
Consider the problem −∆v = λv + |v| p− v in Ω,
where Ω is a bounded smooth domain in ℝ N , λ ∈ ℝ, p ∈ ( , If m = , then * N, =: * is the usual critical exponent for the Sobolev embedding in dimension N ≥ , and problem (℘ p,λ ) is subcritical. For λ = , Bahri, Li and Rey observed in [2] that positive solutions to (℘ p, ) either converge to a positive solution of the critical problem (℘ * , ) or they concentrate and blow up at a finite number of points as p → * , developing a peak at each of these points whose asymptotic profile is a rescaling of the standard bubble Existence and nonexistence of positive solutions with multiple blow-up points have been studied in [15, 23] . Sign-changing solutions to (℘ p, ) which blow up at multiple points or which develop multiple blow-up at a single point as p → * have been exhibited, e.g., in [3-5, 17, 22] . In all of these results, the asymptotic profile of the solutions is a sum of positive and negative bubbles blowing up at different points or at the same point with different velocities. Recall that the Γ-orbit of a point ξ ∈ ℝ N−m is the set Γξ := {γξ : γ ∈ Γ} and that ξ is called a Γ-fixed point if Γξ = {ξ }. We denote by Θ Γ the set of Γ-fixed points in Θ.
Let ϕ : Γ → ℤ/ := { , − } be a continuous homomorphism of groups with the following property:
(A) There exists ξ ∈ ℝ N−m such that {γ ∈ Γ : γξ = ξ } ⊂ ker ϕ.
We are interested in solutions to (℘ p,λ ) which satisfy
Assumption (A) guarantees the existence of nontrivial functions with this property; cf. Section 2. Our main result is the following one. 
Then there exists λ * ≥ such that for each λ ∈ (−∞, λ * ) ∪ { }, there exist a sequence p k ∈ ( , * N,m ) with p k → * N,m , a sequence of solutions v k to (℘ p k ,λ ) which satisfy (1.2), sequences (ε k ) in ( , ∞) and (ζ k ) in Θ, and a sign-changing solution ω to the critical problem
with the following properties:
for all γ ∈ Γ, x ∈ ℝ N−m , and ω has minimal energy among all nontrivial solutions to (1.3) having this symmetry property,
In other words, as p k → * N,m , the solutions v k to (℘ p k ,λ ) concentrate and blow up along an m-dimensional sphere of minimal radius contained in ∂Ω, forming a single sign-changing layer. In contrast with previous results, the asymptotic profile of the layer on each space perpendicular to the blow-up sphere is not a sum of bubbles, but a rescaling of a sign-changing solution ω to the critical problem (1.3).
Let us consider an example. For N ≥ m + , we write
for y ∈ ℝ N−m− , z = (z , z ) ∈ ℂ , and let ϕ : Γ → ℤ/ be the homomorphism given by ϕ(e iϑ ) := and ϕ(τ) := − . Note that, if z ̸ = , the Γ-orbit of (y, z) is the union of two orthogonal circles lying in {y} × ℂ , whereas the Γ-orbit of (y, ) is just that single point. Let Θ be a ball centered on ( , ∞) × { } such that Θ ⊂ ( , ∞) × ℝ N−m− . Then Θ is Γ-invariant. These data satisfy the assumptions of Theorem 1.1. In this case, the solution ω to problem (1.3) satisfies
for all (y, z , z ) ∈ ℝ N−m . In particular, ω is non-radial and changes sign. This solution has been shown to exist in [7] . As in [1, 16] , the strategy we use to prove Theorem 1.1 consists in reducing problem (℘ p,λ ) to an anisotropic subcritical problem in the domain Θ. Note that the exponent * N,m is nothing but the critical Sobolev exponent in dimension N − m, which is the dimension of Θ. We start by describing the asymptotic behavior of sequences of sign-changing symmetric solutions to a quite general anisotropic subcritical problem in a bounded domain Θ, as the exponent goes to the critical one. These sequences, either converge to a solution of the corresponding anisotropic critical problem in Θ, or they blow up. Theorem 2.5 gives a detailed description of the blow-up phenomenon and, in particular, of the symmetries and the location of the blow-up points, and of the symmetries of the solutions to the limit problem which occur as asymptotic profiles. The second ingredient in the proof of Theorem 1.1 is Theorem 3.2, which establishes the nonexistence of least energy solutions to the anisotropic critical problem in Θ, related to problem (℘ p,λ ), for λ ∈ (−∞, λ * ) ∪ { } and some λ * ≥ . Such λ * turns out to be stricly positive if m ≥ .
We wish to add a few words about the slightly supercritical problem. If λ = and m = , it has been shown in [10] [11] [12] 21 ] that for p > * sufficiently close to * , there are positive solutions to problem (℘ p, ), in certain domains Ω, which concentrate and blow up at least two points as p → * , developing a peak at each of these points whose asymptotic profile is a rescaling of the standard bubble. Recently, Musso and Wei showed in [18] that there are also sign-changing solutions which concentrate and blow up at two points as p → * , and whose asymptotic profile is a rescaling of one of the sign-changing solutions to the limit problem (1.1) found in [14] . To our knowledge, similar questions when p →
Concentration at the critical exponent for anisotropic problems
Let Γ be a closed subgroup of the group O(n) of linear isometries of ℝ n , n ≥ . We denote by Γx := {γx : γ ∈ Γ} the Γ-orbit of x ∈ ℝ n and by #Γx its cardinality, and we write Γ x := {γ ∈ Γ : γx = x} for the Γ-isotropy subgroup of x. Then Γx is Γ-homeomorphic to the homogeneous space Γ/Γ x . Hence, #Γx = |Γ/Γ x | is the index of Γ x in Γ.
Let ϕ : Γ → ℤ/ be a continuous homomorphism of groups and let u : ℝ n → ℝ be a function which satisfies
If ϕ is the trivial homomorphism, then (2.1) says that u is a Γ-invariant function. If ϕ is surjective and u is nontrivial, then (2.1) says that u is sign-changing and G-invariant, where G := ker ϕ. It might occur that the only function u satisfying (2.1) is u ≡ , e.g., if Γ = O(n) and ϕ(γ) is the determinant of γ. To avoid this behavior, throughout this paper we assume that ϕ satisfies assumption (A) which, using the notation introduced above, can be written as follows:
This assumption guarantees that the space
is infinite dimensional; cf. [6] . Here, as usual,
Throughout this section we assume that Θ is a Γ-invariant bounded smooth domain in ℝ n and that a ∈ C ,α (Θ) and b, c ∈ C ,α (Θ) are Γ-invariant functions such that a and c are strictly positive and
where
As usual, we write * := n n− for the critical Sobolev exponent in dimension n. For p ∈ ( , * ], we consider the anisotropic problem
By the principle of symmetric criticality, its solutions are the critical points of the functional
where 
Proof. The proof is similar to that of [7, Lemma 2.1].
If K is a closed subgroup of Γ and ϕ | K : K → ℤ/ is the restriction of ϕ to K, we consider the problem
be the energy functional and
be the Nehari manifold associated to problem (℘ ϕ|K ∞ ). We set
If K = Γ, we write ϕ instead of ϕ | Γ.
Lemma 2.2. The following estimate holds true:
Proof. If |Γ/Γ ξ | = ∞ for all ξ ∈ Θ, the inequality is trivially true. So let us assume that there exists ξ ∈ Θ such that |Γ/Γ ξ | < ∞, and let w ∈ N ϕ|Γ ξ ∞ . Fix r ∈ ( , dist(ξ, ∂Θ)) such that |αξ − βξ| < r for every α, β ∈ Γ with αβ − ̸ ∈ Γ ξ , and let χ ∈ C ∞ c (ℝ n ) be a radially symmetric function such that χ(x) = if |x| ≤ r and χ(x) = if |x| ≥ r. Define
Then supp(w ε ) ⊂ B r (ξ ) ⊂ Θ and w ε (γx) = ϕ(γ)w ε (x) for every γ ∈ Γ ξ . Performing the change of variable y =
x−ξ ε , it is straightforward to show that
Hence,
.
Consider the function
Clearly, u ε (γx) = ϕ(γ)u ε (x) for all γ ∈ Γ, x ∈ Θ, and u ε ∈ N ϕ * . Therefore,
This implies that
for every ξ ∈ Θ, which yields the desired inequality.
The following lemmas were proved in [8] .
Lemma 2.3. Given sequences (ε k ) in ( , ∞) and (ξ k ) in ℝ n , there exist a sequence (ζ k ) in ℝ n and a closed subgroup K of Γ such that, after passing to a subsequence, the following statements hold true:
Proof. See [8, Lemma 3.5].
The next result extends [7, Theorem 2.5] to the anisotropic case. 
Proof. Let t p k ∈ ( , ∞) be such that u k := t p k u k ∈ N ϕ * . By Lemma 2.1, we have that t p k → and that u k is a minimizing sequence for the functional J * on N ϕ * . By Ekeland's variational principle, there exists a sequence (v k 
It follows that J * (u) = ℓ ϕ * and ‖v k − u‖ a,b → , i.e., the sequence (u k ) converges strongly in D , (Θ) to a min-
Case 2: u = . We will prove that, in this case, the second possibility in the statement of the theorem holds true. Fix δ ∈ ( , n ℓ ϕ * ). Then there are bounded sequences ε k in ( , ∞) and (ξ k ) in ℝ n such that, after passing to a subsequence,
For (ε k ) and (ξ k ), we choose K and (ζ k ) as in Lemma 2.3. Then, Γ ζ k = K and dist(Γξ k , ζ k ) < Cε k for some positive constant C and all k ∈ ℕ. Moreover, since |v k | and c are Γ-invariant functions, we have that
Set Θ k := {z ∈ ℝ n : ε k z + ζ k ∈ Θ}, and define
, after passing to a subsequence, we have that
A standard argument, using inequality (2.4), shows that w ̸ = , cf. [25, Section 8.3] . Since the sequences (ζ k ) and (ε k ) are bounded, after passing to a subsequence, we have that ζ k → ζ ∈ ℝ n and ε k → ε in [ , ∞). In addition, since v k ⇀ weakly in D , (Θ), we get that ε = .
Let φ ∈ C ∞ c (ℝ n ) and set
for arbitrarily large k, we have that supp(φ k ) ⊂ Θ for arbitrarily large k and, after passing to a subsequence,
Taking the limit as k → ∞, we get that
were bounded, this would imply that w is a nontrivial solution to the problem
in some half-space ℍ contained in ℝ n , which is impossible, see [24, Chapter III, Theorem 1.3]. Therefore, after passing to a subsequence, we have that ε
This, together with (2.3), implies that ζ k ∈ Θ. Moreover, using (2.5), we get that w is a nontrivial solution to the problem
Then, for each j = , . . . , m, we have that
Then,ŵ k (γy) = ϕ(γ)ŵ k (y) for all γ ∈ Γ, y ∈ ℝ n and, as a is Γ-invariant, performing the change of variable
in the integrals above, we obtain
Iterating this last identity, we conclude that
Therefore,
It follows that
Passing to the limit as k → ∞, we get that
This inequality implies that m cannot be arbitrary large. We deduce, from statement (s4) of Lemma 2.3, that |Γ/K| < ∞. Then statement (s3) implies that ε k |αζ k − βζ k | → ∞ for any α, β ∈ Γ such that α − β ∉ K. So we may set m := |Γ/K|. As Γ ζ k = K and ζ k → ζ , the inequality above and Lemma 2.2 yield
Hence, these inequalities are equalities and we have that J ∞ (ω) = ℓ ϕ|K ∞ . Moreover, using Lemma 2.1, we obtain statement (v). In addition, from (2.6) we get that
which yields statement (iv). This concludes the proof. 
A nonexistence result
Throughout this section we shall assume that Γ is a closed subgroup of O(n − ) acting on the last n − coordinates of ℝ n , ϕ : Γ → ℤ/ is a continuous homomorphism of groups satisfying property (A), and Θ is a Γ-invariant bounded smooth domain in ℝ n such that Θ ⊂ ( , ∞) × ℝ n− . For m ≥ , we consider the problem
where x m stands for the function (x , . . . , x n ) → x m and λ ∈ (−∞, λ ϕ ) with
Problem (S ϕ * ,λ ) is a special case of problem (A ϕ * ). We write J * ,λ for its associated energy functional and N ϕ * ,λ = N ϕ * ,λ (Θ) for its Nehari manifold, and set
It is straightforward to verify that
We will also assume throughout this section that every Γ-orbit of Θ is either infinite or a fixed point, and that Θ Γ ̸ = . Then, by Lemma 2.2,
where Θ Γ is the set of Γ-fixed points in Θ. The next two results extend some of the results in [9] to our symmetric setting. Note that, by Lemma 3.1, λ * ≥ and, by Corollary 2.6, problem (S ϕ * ,λ ) has a nontrivial least energy solution for every λ ∈ (λ * , λ ϕ ). 
